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3.3三角函数的积化和差与和差化积

课堂导学
三点剖析
一、公式的推导及简单应用

因为sin(α+β)=sinαcosβ+cosαsinβ,(1)

sin(α-β)=sinαcosβ-cosαsinβ,(2)

cos(α+β)=cosαcosβ-sinαsinβ,(3)

cos(α-β)=cosαcosβ+sinαsinβ,(4)

(1)+(2)得:sinαcosβ=[image: image1.wmf]2

1

［sin(α+β)+sin(α-β)］;

(1)-(2)得:cosαsinβ=[image: image2.wmf]2

1

［sin(α+β)-sin(α-β)］;

(3)+(4)得:cosαcosβ=[image: image3.wmf]2

1

［cos(α+β)+cos(α-β)］;

(3)-(4)得:sinαsinβ=-[image: image4.wmf]2

1

［cos(α+β)-cos(α-β)］.

    以上得到的四个等式我们称为积化和差公式.

设α+β=x,α-β=y,则α=[image: image5.wmf]2
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x

+

,β=[image: image6.wmf]2

y

x

-

,代入积化和差公式得:

sinx+siny=2sin[image: image7.wmf]2
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·cos[image: image8.wmf]2
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,

sinx-siny=2cos[image: image9.wmf]2
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·sin[image: image10.wmf]2
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,

cosx+cosy=2cos[image: image11.wmf]2
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+

·cos[image: image12.wmf]2
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,

cosx-cosy=-2sin[image: image13.wmf]2
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+

·sin[image: image14.wmf]2
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以上四式称为和差化积公式.

【例1】 (1)把[image: image15.wmf]2

1

+cos20°化成积的形式.

(2)把sin84°cos132°化成和差的形式.

思路分析:(1)[image: image16.wmf]2

1

可化成cos60°,然后运用公式.(2)直接运用公式.

解：(1)原式=cos60°+cos20°

=2cos[image: image17.wmf]2
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°

+

°

·cos[image: image18.wmf]2

20

60

°
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=2cos40°·cos20°.

(2)原式=[image: image19.wmf]2

1

［sin(84°+132°)+sin(84°-132°)］

=[image: image20.wmf]2

1

［sin216°-sin48°］

=-[image: image21.wmf]2

1

sin36°-[image: image22.wmf]2

1

sin48°.

各个击破
类题演练 1
(1)求值:sin20°+sin40°-sin80°;

(2)求值:2cos37.5°·cos22.5°.

思路分析:(1)∵20°+40°=60°为特殊角,∴前两个先和差化积.

(2)直接运用积化和差.

解:(1)原式=2sin[image: image23.wmf]2
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·cos[image: image24.wmf]2
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°

-sin80°

=2sin30°·cos10°-sin80°

=cos10°-sin80°=sin80°-sin80°=0.

(2)原式=cos(37.5°+22.5°)+cos(37.5°-22.5°)

=cos60°+cos15°=[image: image25.wmf]2

1

+cos(45°-30°)

=[image: image26.wmf]2

1

+cos45°cos30°+sin45°sin30°

=[image: image27.wmf]2
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+[image: image28.wmf]2
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×[image: image29.wmf]2
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=[image: image30.wmf]2
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+[image: image31.wmf]4
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变式提升 1
已知sin(θ+[image: image32.wmf]6

p

)sin(θ-[image: image33.wmf]6

p

)=[image: image34.wmf]20

11

,求tanθ的值.

思路分析:等式左边运用积化和差公式.

解:∵sin(θ+[image: image35.wmf]6

p

)sin(θ-[image: image36.wmf]6

p

)

=-[image: image37.wmf]2

1

(cos2θ-cos[image: image38.wmf]3

p

)

=-[image: image39.wmf]2

1

cos2θ+[image: image40.wmf]4

1

.

∴-[image: image41.wmf]2

1

cos2θ+[image: image42.wmf]4

1

=[image: image43.wmf]20

11

.

解得cos2θ=-[image: image44.wmf]5

3
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∴sin2θ=±[image: image45.wmf]5
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∴tanθ=[image: image46.wmf]5
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二、运用公式化简或证明三角函数式

    运用公式进行三角变换是高考的基本要求,变换中要反复体会其中的内涵,灵活运用数学思想方法,从而加深对变换的理解.

【例2】 求值:[image: image47.wmf]°
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思路分析:本题通过对公式的灵活运用使问题得到解决.运用的方法和公式分别为“切化弦”,两角和与差的正余弦,二倍角的升幂公式,注意寻求合理简捷的运算途径.

解：原式=[image: image48.wmf]=
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温馨提示
    对于三角函数的和差化积,有时因为使用公式不同,或者选择解题的思路不同,化积结果可能不一致.

类题演练 2
把cosx+cos2x+cos3x+cos4x化成积的形式.

思路分析：把cosx与cos4x看作一组，cos2x与cos3x看作一组进行和差化积.

解：原式=（cosx+cos4x）+(cos2x+cos3x)=2cos[image: image51.wmf]2
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x

cos[image: image52.wmf]2

3

x

+2cos[image: image53.wmf]2

5

x

cos[image: image54.wmf]2

x


=2cos[image: image55.wmf]2

5

x

·(cos[image: image56.wmf]2

3

x

+cos[image: image57.wmf]2

x

)=4cos[image: image58.wmf]2
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x

cosxcos[image: image59.wmf]2
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变式提升 2
求证：2sin4x+[image: image60.wmf]4

3

sin22x+5cos4x-cos3xcosx=2(1+cos2x).

证明：左=[image: image61.wmf]2

1

（2sin2x）2+[image: image62.wmf]4

3

sin22x+[image: image63.wmf]4

5

(2cos2x)2-cos3xcosx

=[image: image64.wmf]2

1

(1-cos2x)2+[image: image65.wmf]4

3

sin22x+[image: image66.wmf]4

5

(1+cos2x)2-[image: image67.wmf]2

1

(cos4x+cos2x)

=[image: image68.wmf]2

1

(1-2cos2x+cos22x)+[image: image69.wmf]4

3

sin22x+[image: image70.wmf]4

5

(1+2cos2x+cos22x)-[image: image71.wmf]2

1

(cos4x+cos2x)

=[image: image72.wmf]2

5

+cos2x+cos22x-[image: image73.wmf]2

1

cos4x

=[image: image74.wmf]2

5

+cos2x+cos22x-[image: image75.wmf]2

1

(2cos22x-1)

=3+cos2x

=3+2cos2x-1

=2(1+cos2x)

=右.

∴等式得证.

三、最值问题
    根据问题的具体特点,从变换已知条件和被求式的角度入手,进行双向变换,实现角度和函数名称双统一;然后利用所给的角的范围确定出相应三角函数值的范围,从而确定出所求函数的函数值的取值范围.

【例3】 已知函数f(x)=sin([image: image76.wmf]3

p

-x)·sinx·sin([image: image77.wmf]3

p

+x)+a的最大值为[image: image78.wmf]2

1

,求实数a的值.

思路分析:注意到角[image: image79.wmf]3

p

-x和[image: image80.wmf]3

p

+x这两个角的和为[image: image81.wmf]3

2

p

,所以可先运用积化和差公式.

解：f(x)=sin([image: image82.wmf]3

p

-x)·sinx·sin([image: image83.wmf]3

p

+x)+a

=[image: image84.wmf]2

1

sinx·(cos2x-cos[image: image85.wmf]3

2

p

)+a

=[image: image86.wmf]2

1

sinx·cos2x+[image: image87.wmf]4

1

sinx+a

=[image: image88.wmf]4

1

(sin3x-sinx)+[image: image89.wmf]4

1

sinx+a

=[image: image90.wmf]4

1

sin3x-[image: image91.wmf]4

1

sinx+[image: image92.wmf]4

1

sinx+a

=[image: image93.wmf]4

1

sin3x+a.

∵f(x)最大值为[image: image94.wmf]4

1

+a,

∴[image: image95.wmf]4

1

+a=[image: image96.wmf]2

1

.∴a=[image: image97.wmf]4

1

.

类题演练 3
求函数y=sinx［sinx-sin(x+[image: image98.wmf]3

p

)］的最值及相应的x值.

解：y=sinx［sinx-sin(x+[image: image99.wmf]3

p

)］=sinx·2cos(x+[image: image100.wmf]6

p

)sin(-[image: image101.wmf]6

p

)

=-sinxcos(x+[image: image102.wmf]6

p

)

=-[image: image103.wmf]2

1

［sin(2x+[image: image104.wmf]6

p

)+sin(-[image: image105.wmf]6

p

)］

=-[image: image106.wmf]2

1

sin(2x+[image: image107.wmf]6

p

)+[image: image108.wmf]4

1

.

∵sin(2x+[image: image109.wmf]6

p

)∈［-1,1］,

∴当sin(2x+[image: image110.wmf]6

p

)=-1,

即x=kπ-[image: image111.wmf]3

p

,k∈Z时,ymax=[image: image112.wmf]4

3

;

当sin(2x+[image: image113.wmf]6

p

)=1,

即x=kπ+[image: image114.wmf]6

p

,k∈Z时，ymin=-[image: image115.wmf]4

1

.

变式提升 3
求函数f(x)=sin6x+cos6x的最小正周期和最大,最小值.

解:f(x)=sin6x+cos6x=(sin2x)3+(cos2x)3
=(sin2x+cos2x)(sin4x+cos4x-sin2xcos2x)

=(sin2x+cos2x)2-3sin2xcos2x

=1-[image: image116.wmf]4

3

sin22x=1-[image: image117.wmf]4

3

×[image: image118.wmf]2

4

cos

1

x

-


=[image: image119.wmf]8

3

cos4x+[image: image120.wmf]8

5

.

∵x∈R,∴cos4x∈［-1,1］.

∴f(x)的最小正周期为[image: image121.wmf]2

p

,最大值为1,最小值为[image: image122.wmf]4

1

.[image: image123.wmf]\
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